Abstract: Polarization converters that convert incident linearly polarized beams into arbitrary order cylindrical vector beams (CVBs) are derived with the Jones matrix theory. We reveal the existence of an inherent transform mechanism, which links the different order CVB converters. Based on this mechanism, CVB of any desired order can be achieved by the combination of the low-order CVB converters and half waveplates. The order of CVBs can be adjusted flexibly by changing the number of the first-and second-order vortex-waveplates, which are manufactured with the liquid crystal polarization modulation technique. This work facilitates the generation of arbitrary order CVBs, which may find valuable applications in optical trapping, optical communication, etc., as well.
Introduction
Cylindrical vector beams (CVBs) have gained great interest in recent years. Owing to the peculiar axial polarization symmetry, CVBs possess many interesting focusing and transmitting properties, which gives rise to many applications such as optical trapping [1] - [3] , optical communication [4] - [6] , optical imaging [7] - [9] , etc. For instance, radially polarized beam can be focused to an ultra-small focal spot under a tightly-focusing configuration [10] , [11] , which is of great potential to promote the performance of an optical imaging system. Even smaller focus can be achieved by another kind of first order CVBs -the azimuthally polarized beam [12] , [13] . In addition, surface plasmons (SPs) induced by a tightly-focused radially polarized beam is found to have a strong gradient force which can trap metallic nanoparticles stably [14] . This technique may find applications in labelfree super-resolved imaging by integrating with the surface-enhanced Raman spectroscopy [15] .
More recently, CVBs with different orders were utilized to transmit optical signals by using a spatial division multiplexing technique. This implies that CVBs, like the orbital angular momentum of optical vortices [16] , can be employed as massive signal channels for optical communication [4] .
Motivated by the great potential of vector beams, various methods have been developed for generating CVBs, which can be classified into two categories: active and passive ways. The former usually involves customizing a laser cavity so that a desired laser mode can be emitted directly from the laser [17] , [18] . Albeit with high energy efficiency, the order of CVB is fixed once the laser cavity is designed, hence losing flexibility. In contrast, the latter performs conversion process outside the cavity, which can largely promote convenience and reduce cost in applications.
Most of the passive approaches use specially-designed optical elements or employ an interference configuration. Optical elements, such as segment half waveplate [19] , space-variant subwavelength gratings [20] , rotational Glan polarizing prism [21] , optical fiber [22] , etc., are able to convert homogeneously polarized beams, e.g., linearly or circularly polarized beams, into CVBs. However, only a specific order CVB can be generated for each element. Although an arbitrary order CVB can be obtained by using the interferometric method [23] - [26] , it generally requires a complicated optical align system and possesses a relative low conversion efficiency. An alternative method that applies the liquid crystal modulation technique was proposed recently that is of good flexibility, as well as high conversion efficiency. The polarization state of a laser beam is modulated at the scale of single pixel of a liquid crystal device, e.g., Q-plate [27] - [30] and vortex retarder [31] , [32] . Ideally, an arbitrary order CVB can be achieved by designing a corresponding order of CVB converter; however, this kind of straight-forward conversion approach may suffer from high designing cost, particularly if massive generation of different order CVBs is required, e.g., in an optical communication system. In addition, once the CVB converter is designed, the order of output CVB cannot be adjusted purposely, after all, there is not a polarizedonly spatial light modulator. To date, there are still remaining challenges to fully and readily control the polarized state of CVB. Hence, the generation of CVBs with adjustable order is highly desired.
In this work, CVB converters, which turn linearly polarized beam into arbitrary order CVBs, are investigated theoretically in the framework of Jones matrix theory. Indeed, we reveal an inherent transform mechanism between the high-order and low-order CVB converters. Based on this mechanism, we demonstrate experimentally that CVB with any desired order can be generated by cascading merely the first two orders of CVB converter, instead of designing each corresponding order. A microscopic SP-excitation configuration is employed to study the CVB-dependent plasmonic properties.
Theoretical Model
Considering a linearly polarized beam passes through an m-th order CVB converter, based on the Jones matrix theory, the Jones vector of the desired output beam can be derived with E o = M E i , where
denote the Jones vectors of the incident linearly polarized beam and the m-th order CVB, respectively. In (1), θ represents the orientation of the incident linear polarization with respect to the x-axis, ϕ the azimuthal angle, m the order of the output CVB, ϕ 0 the inner polarization rotation of CVB and T the matrix transposition operator. Supposing the Jones matrix M of an m-th order CVB converter is expressed as
In order to generate the aimed m-th order CVB, it should satisfy
Commonly, if incident beams are orthogonal to each other, the output CVBs remain orthogonal. For example, if a first order CVB converter turns a horizontally polarized beam into a radially polarized beam, then, an azimuthally polarized beam can be obtained from a vertically polarized beam by using the same converter.
From (3), the Jones matrix M of the m-th order CVB converter can further be derived as can be obtained subsequently by adding a half waveplate. Ideally, any optical devices with the Jones matrix of (4) are able to convert linearly polarized beams into an arbitrary aimed m-th order CVBs, for example, the Q-plates [29] . However, it may suffer from the high cost to precisely design and fabricate all of the orders of CVB converters, especially the high order ones. To avoid this problem, the physical link among different order CVB converter is further investigated, which can be expressed as
Equation (5) reveals that, on the one hand, the high-order CVB converters can be achieved by cascading two low-order CVB converters; on the other hand, the negative order converters for generating negative order CVBs can be achieved from the positive ones sandwiched by two half waveplates (denoted as H). As a result, an arbitrary order CVB can be generated simply by using the two lowest order converters and half waveplates while needless to manufacture all of the high-order CVB converters.
Results and Analyses
Vortex retarder [or vortex wave-plate (VWP)], a specially designed waveplate with fast axes rotating along the azimuthal direction, is a typical type of CVB converter. The order (l ) of a VWP depends on the repeating rate (p) of the fast axes over a whole circle and can be expressed as l = 2p . In Fig. 1(a) and (b) , we give the fast axes distributions of the two simplest cases: VWP 1 and VWP 2 , which can be fabricated based on the mature liquid crystal modulation technique, like that of Q-plate. The output first order and second order CVBs are shown in Fig. 1(e) and (i), which are achieved by passing a linearly polarized beam through a VWP 1 and a VWP 2 , respectively. The diameter and wavelength of incident beam are 5 mm and 532 nm. Owing to the peculiar polarization state of the first order and second order CVBs, as seen Fig. 1(c), (d) , a linear polarizer is employed to validate the order of the output CVBs, as illustrated in Fig. 1(f) -(h), (j)-(l). The high contrast of the field lobes implies the excellent polarization purity of the output CVBs.
Based on the physical link between the high-order and low-order CVB converters indicated by (5), an arbitrary order CVB can subsequently be achieved by cascading the first two orders of VWP (VWP 1 and VWP 2 ). Fig. 2 shows the schematic diagram of generating the high-order CVBs. Starting from a linearly polarized beam which can be treated as a zero-order CVB, CVBs with arbitrary even-order can be generated by using a series of VWP 2 and half waveplates (bottom branch); while starting from a radially/azimuthally polarized beam (the first order CVBs), which is converted from the incident beam with a VWP 1 , CVBs with arbitrary odd-order can be achieved by using the same series (top branch). For example, a fifth order CVB can be obtained with the combination of VWP 1 -HWP-VWP 2 -HWP-VWP 2 , and a sixth order CVB can be generated by using VWP 2 -HWP-VWP 2 -HWP-VWP 2 . Following the above processes, Fig. 3(a)-(d) exhibit the intensity patterns of various output CVBs after passing through a linear polarizer. The order of the CVBs can easily be validated by counting the number of the field lobes. Again, the high contrast and good uniformity of the lobes indicate the excellent polarization purity and beam-shape quality of the output CVBs.
Actually, arbitrary order CVB can be achieved with only the VWP 1 , however, the number of waveplates needed in the optical system is nearly twice many as that of VWP 2 , which affects the efficiency of output CVBs deeply. Without taking the HWPs into consideration, the efficiency of output CVB is mainly determined by the number of VWPs, which can be expressed as η N . Here, η > 97% is the efficiency of single VWP, which is defined as the ratio of the light intensity of output CVB to that of incident beam. N is the number of VWPs. For example, sixth order CVB can be realized with only three VWP 2 s in Fig. 2 instead of six VWP 1 s. The efficiencies for both cases are 91.27% and 85.87%, respectively. Therefore, the adjustable order of CVB with higher efficiency can be achieved with fewer VWPs. Furthermore, based on the above process, the corresponding negative order CVBs can be obtained immediately by passing the positive order CVB through a half waveplate according to (5) , as illustrated in Fig. 2 . Although CVBs with conjugate order have the same number of field lobes after passing through a linear polarizer, the property of SP excitation that is sensitive to the p-polarization is different. During the process of coordinate transformation from the Cartesian coordinates to the polar coordinates, m-th order CVB can be expressed as cos(mϕ) sin(mϕ) = cos(m − 1)ϕe r + sin(m − 1)ϕe ϕ (6) where e r = [cosϕ, sinϕ] T and e ϕ = [−sinϕ, cosϕ] T stand for the p-polarization and s-polarization and are also the unit vectors of radially and azimuthally polarized beam, respectively. T is the matrix transposition operator. According to the transmission efficiencies of [33, (5) - (7)], the light intensity on the surface of silver is mainly determined by e r while e ϕ can be ignored due to the small transmission efficiency of t s .
The experimental setup is shown in Fig. 4 , in which the output CVBs are tightly-focused onto a silver film to excite the SPs on the silver-air interface. Here, the numerical aperture of the lens is 1.25 and the refractive indexes of glass and air are n 1 = 1.518 and n 3 = 1, respectively. The wavelength of incident CVB is 532 nm and the corresponding refractive index n 2 of silver is 0.129 + 3.193i. Based on the vector diffractive theory, the light intensity of arbitrary order CVB can be calculated by [33, (2) - (4)]. The number (G) of SP focal spots is determined by the period of cosine factor in (6), namely, G = |2(m − 1)|. Thereby, different numbers of SP focal spots will be achieved in the focal region of metal surface under the illumination with the conjugated CVBs. For example, four and eight focuses are obtained with third and −third order CVBs, as shown in Fig. 4(c), (d) . In addition, during the SP excitation process, different order CVB induces different number of dark arcs on the metal surface which can be calculated by multiplying the transmission efficiencies [33] with (6) and can be expressed as Finally, the light intensity goes through the silver, which is also the image of the dark arcs observed in CCD in Fig. 4 , can be obtained by I = |E| 2 . The number of dark arcs are equal to that of SP focal spots because of the same cosine factor in (6), (7) . As shown in Fig. 5 , the simulation results [see 
Conclusion
In conclusion, starting from the Jones matrix of the CVB converters that transform linearly polarized beams into CVBs, we demonstrated an inherent transform mechanism bridging the high-order and low-order CVB converters, as well as the conjugated ones. Based on this physical link, an arbitrary order CVB can be generated by using merely the first two orders of CVB converters, i.e., the first and second order vortex waveplates. Owing to the mature technique of fabricating VWP1 and VWP2, the output CVBs are of excellent polarization quality and high conversion efficiency. The transform mechanism revealed in this work presents a physical understanding of the polarization converters and offers us a flexible way in the generation of arbitrary order CVBs, which is valuable in optical trapping, optical communication, etc.
